THE DBACL TEXT CLASSIFIER

L.A. BREYER

Abstract. This is a summary of the mathematical aspects of the design of dbacl, a digramic Bayesian classifier for text documents. dbacl computes maximum (relative) entropy models for text corpora and can compute the Bayesian posterior distribution for a given document in terms of any number of previously computed models. Both learning and classifying is O(n) in the number of lines of the input documents.

1. Introduction dbacl is a digramic Bayesian classifier for text documents. It is a command line tool specifically designed to learn features of text corpora, by building a maximum entropy-type model in terms of these features. Feature selection depends on the currently selected locale, and can be specified using regular expressions if required. Computed models can be used to calculate Bayesian posterior probabilities for unknown text documents. The dbacl manual page, presented at the end of this document, contains a quick introduction and some examples of usage. The purpose of this document is to explain aspects of the mathematical design. To help the reader unfamiliar with Bayesian theory, we begin with a section outlining the main probabilistics concepts involved.

2. Bayesian text classification and decisions A text document can be viewed as a very long string of characters. From the statistical perspective, the characters which form the words and sentences do not occur randomly, but obey probabilistic laws which govern the appearance of a character, given the sequence of characters immediately preceding it. Such models are called n-gram character models, where n refers to the number of relevant characters

Date: October, 2002; Revised November 2002, May, June 2004. 1991 Mathematics Subject Classification. Primary 60J, Secondary 60F. Key words and phrases. SPAM, Bayes theorem, email, Maximum entropy. 1

in the model. dbacl uses a digram model, so that each character is predicted based on its immediate predecessor. A trigram model would depend on the previous two, but requires much more memory.

A text document can also be viewed as a very long string of words. The same statistical ideas apply here too. Shannon (1948) described several examples of such models for English text. Since each possible word is treated like a character in the character based models, this can be viewed as a character based model with a very large alphabet. Practically, these two types of models are very different, however, because individual characters occur so frequently that statistics are easy to estimate, while individual words are comparatively rare. More precisely, word distributions tend to follow a power law, and when classifying an unknown document, it is likely to contain words which have never occurred in the learning corpus.

Good text classification algorithms must therefore be able to predict new words at the same time as weigh existing words when comparing documents. Suppose that we can build a probabilistic model for the contents of an existing text corpus C. This will be represented by a probability measure P_C on strings, which is concentrated on strings similar to those found in C.

The maximum entropy formalism allows the construction of very general probability measures, by selecting a set of interesting features of the learning corpora as representative (Berger et al, 1996; Della Pietra et al, 1997).

Suppose we have constructed probability models P_{C1} , . . . , P_{Ck} for a set of corpora C_1, . . . , C_k. A priori, we assume that the new documents we wish to classify arise from category 1 ≤ j ≤ k with probability π_j . These probabilities must satisfy �_k

j=1 π_j = 1. For equally likely categories (representing total ignorance a priori), we would take π_j = 1/k for all j.

Let s be the string corresponding to an unknown text document we wish to classify. The a posteriori probability that s arises from the probability measure P_{Cj} (i.e. is most similar to the documents in C_j ), is given by Bayes’ theorem as

(1) P � C_j | s � = K^{−1}P_{Cj} (s)π_j , K = k� j=1 P_{Cj} (s)π_j .

Note that this assumes that s must be compared only to the corpora C_1, . . . , C_k. The normalizing constant K does not allow for other choices, i.e. unclassifiable text.

Such a generalization is possible by modifying K, to account for other categories not directly modelled, but this will not be discussed here.

The simplest decision procedure for classification is the following: say that s resembles category C_j if the conditional probability P(C_j | s) is greatest. This is known as the MAP (Maximum A Posteriori) estimate.

More generally, we can introduce a loss function L[i, j] which represents the loss incurred when s is misclassified as resembling C_j , when in actual fact it ought to resemble C_i. Suppose we pick any decision rule w to do the classification, so that if s is an unknown text document, w(s) = j means that s arises from category C_j under this rule. The best decision according to Bayesian Theory occurs when the expected posterior loss is minimized: say that s resembles category C_j if w_∗(s) = j, where w_∗ minimizes the expected posterior loss over all possible decision rules:

w_∗ = arg min_w k� i=1 L[i, w(s)]P(C_i | s).

The simplest example occurs when there are only two categories, and there is no loss incurred for correct classifications (i.e. L[1, 1] = L[2, 2] = 0). In this case, the optimal Bayesian classification procedure is given by:

Say that s resembles category C_1 if and only if

P_{C1} (s) P_{C2} (s) ≥ π_2L[2, 1] π_1L[1, 2] . Note that dbacl calculates only the conditional probabilities P(C_j | s) for each learned category C_j , more general decisions with arbitrary a priori probabilities π_j and loss matrices can easily be performed by a wrapper script.

The equation (1) breaks down when there is a single category C = C_1 to be classified. Intuitively, dbacl should still measure how well the string s fits this single category.

One possible approach is to simply output the probability of s under the model, i.e. P_C (s). However, in case of strings consisting of more than a few characters only, this is very unlikely to be useful, since by the concentration of measure phenomenon, P_C is highly concentrated around the string C, leaving essentially zero probability mass for most other types of strings.

It is possible to factorize the output score as a product of the document complexity (i.e. number of recognized feature tokens in the document), and the cross entropy of the model, which measures the average number of bits per salient feature required, if we compress the string s with an optimal code based on the probability measure P_C . The details are described in Section 8.

A refinement of this idea, described in Section 9.3, consists in outputting a confidence in the null hypothesis that the document belongs to the category, based on the observed value of the score. This approach works even when there is only a single category. dbacl can output a confidence percentage related to the empirical distribution of training documents. This percentage is high when the document score is close to the empirical model scores, and low for untypical scores, thus it can be viewed as a confidence for accepting the null hypothesis.

An important property of this confidence value is that it is uniformly distributed when the null hypothesis applies for the given document, so it can be viewed as a p-value for the purpose of Fisher’s χ^2 test. This test allows an easy way of deciding whether a document belongs to some collection of categories: Let p_1, . . . , p_n be the confidence in the computed score for categories C_1, . . . , C_n respectively (converted to a real number in [0, 1]), and assume that the models for each category were constructed from independent data, then by Fisher’s theorem

(2) Y = −2 n� i=1 log p_i ∼ χ^2_n,

and the resulting quantity p(Y ) = P(χ^2_n ≤ Y ) measures the confidence in the validity of the compound hypothesis.

3. Digramic reference measure For a given text corpus C, the core of the model for C constructed by dbacl is a digramic reference measure R_C on tokens. The measure R_C , as its name suggests, is defined in terms of digrams, i.e. pairs of consecutive characters appearing in C. This measure is used to assign a baseline probability to every valid token (character string), as follows: if t is a token with character length k, we write t = t^1t^2 . . . t^k, where each t^j is a character. Then

R_C (t) = p_C (⋄, t^1)

�^k� i=1 p_C (t^i, t^{i+1}) � p_C (t^k, ⋄),

where ⋄ is a symbol never appearing in the alphabet.

The choice of appropriate conditional probabilities p_C (·, ·) is a problem in itself. Since version 1.8, dbacl offers several alternatives, among them

• Dirichlet: The conditional probabilities p_C (·, ·) are estimated from a hierarchical Dirichlet model (MacKay and Peto, 1995):

p_C (u, v) =

#(v|u) + αμ(v) � r #(r|u) + α , where μ is a probability measure and α > 0, representing the maximum a posteriori estimate of the Dirichlet parameters, and #(r|u) is the number of times character r occurs in C immediately preceded by character v. The procedure for estimating α and μ follows the approach taken in the previously mentioned paper.

• Maxent: The conditionals are computed by maximizing entropy. This method is virtually identical to that discussed in later sections, replacing tokens with digrams, so won’t be detailed here.

• Uniform: The conditionals are chosen uniformly, i.e.

p_C (u, v) = 1/ |alphabet size| .

While the resulting reference measure doesn’t depend on the data at all, it has some interesting properties in practice: Firstly, it doesn’t bias against nonsensical tokens, which are often deliberately inserted in junk mail, and secondly, when used consistently for all models, it automatically limits classifications within the vocabulary appearing in the training corpora, because any unknown tokens obtain the same reference measure in all models.

There are two further points worth mentioning briefly:

• By design, dbacl ignores all digrams appearing outside any valid tokens (we define tokens later). Including counts for these extra digrams would skew classification, since the extra digrams represent essentially formatting data in the text corpus C. The special symbol ⋄ is used to mark the beginning and end of token, and has the effect of introducing a natural token length in R_C .

• In international locales, character sets can be essentially arbitrarily large.

Consequently, the potential number of digrams is unbounded. dbacl copes with this by always calculating R_C in terms of unibyte digrams, rather than (strictly speaking) character digrams. Thus there are at most (256)^2 distinct digrams, and the conditional probabilities p_C (·, ·) may or may not be interpretable as governing character transitions, depending on the chosen character set (in locales where characters require a single byte, the distinction is moot).

Wide character sets, which encode each possible character as a fixed width sequence of bytes, pose an information loss problem, since many characters are encoded with trailing NUL bytes. This makes the locale characters under the R_C measure essentially i.i.d., with a consequent loss of modelling information. The responsibility for using an “informative” character set is thus relegated to the user, who should use a corpus represented in a suitable multibyte character set.

It is easy to see that the measure R_C has unit mass on all tokens. Since ⋄ does not appear inside the string t, we can identify R_C with the law of an excursion from ⋄ for the markov chain with transition probabilities p_C (x, y). Since the state space is finite, and there are no absorbing states, the length of each excursion is almost surely finite, which gives � t R_C (t) = 1.

4. Document representation and features When dbacl is given a text corpus C to learn, it treats the input as a long character string and builds the reference measure R_C . To obtain sophisticated corpus model probabilities however, this stream of characters must be converted into tokens. To cope with large text corpora, this tokenization should be compatible with a single pass through the data.

In the default model, non-alphabetic characters are ignored and what is left is a sequence of alphabetic word/tokens converted to lower case. Thus we can write formally C = (t_1, . . . , t_n), where each t_i is a word/token.

The default model has several limitations which arise out of the word/token representation of C. For example, word/tokens cannot overlap, which makes the construction of n-gram word models programmatically tedious. A better approach is through the use of features.

A feature is a function f which, given a string of characters s, returns a value f(s) ∈ {0, 1, 2, . . . }. Typically, f will simply count the number of times a word/token t occurs in s, written f_t(s). However, features can be more general, and dbacl can define features in terms of regular expressions. Most importantly, features can overlap.

To introduce the definition of a token associated with a feature, suppose given a finite set G of regular expressions. For our purposes, we shall be interested only in expressions which tag one or more subexpressions. Thus each regular expression g ∈ G acts on an arbitrary string s as follows:

g(s) = � � � (s_1, . . . , s_g ) if s matches g and s_1, . . . , s_g were tagged ∅ if s does not match g In the definition below, we also use the string concatenation operator cat, i.e. we have cat(s_1, s_2, . . . , s_n) = s_1 ⋄ s_2 ⋄ · · · ⋄ s_n.

Definition 1. Let G be a finite set of regular expressions. A token t is a string of the form t = cat ∘ g(s), for some string s and some g ∈ G. The feature associated with t is the function f = f_t defined by

f_t(s) = max � k : there exist distinct minimal substrings u_1, . . . , u_k of s, such that cat ∘ g(u_j ) = t for all j = 1, . . . , k � . A feature f_t thus counts the number of disjoint occurrences of the token t in the string s. The set of all features of s is written F(s). We also write F(G) = ∪{F(s) : s a string}.

The default model of dbacl is obtained by taking

(3) G = {"[^[:alpha:]]([[:alpha:]]+)", "^([[:alpha:]]+)"}

which gives tokens represented by alphabetic substrings only (modulo the fact that tokens are also converted to lowercase).

At this point, it makes sense to introduce the notion of admissible string, since classification will depend only on comparing features of ordinary strings. The set of admissible strings can effectively be enumerated by listing the values {f(s) : f ∈ F(G)}.

Also, to compare different text documents, we shall consider them as very long admissible strings. However, it is difficult to compare strings of very different sizes. A training corpus might contain millions of characters, while the future text to be classified may only contain hundreds. Moreover, since the strings are admissible, they may contain sections of irrelevant characters, which do not appear in any token. Thus we also need a notion of complexity.

Definition 2. Consider the equivalence relation ∼ on strings given by s ∼ s^′ if and only if f(s) = f(s^′) for all f ∈ F(G). Each equivalence class is called a G-admissible string. The G-complexity of a G-admissible string s is defined as χ_G(s) = � f ∈F (G)

f(s).

When the set G is understood, we will drop the G-prefix. To perform a calculation later, we will need the following assumption on G:

Definition 3. The set of regular expressions G is simple if there exist admissible strings which exhibit every combination of feature counts.

It is easy to see that simple sets G exist. For example, if G matches single characters only, then a string of complexity k has exactly k characters, and by identifying the permutations, we obtain all admissible strings of complexity k. The default model is another example of a simple set G. However, n-gram models for n > 1 do not arise from a simple set G.

For admissible strings, the reference measure R_C induces a natural σ-finite measure R_C on the set of all admissible strings, as follows: if f = f_t is the feature corresponding to a token t, we shall (ab)use notation and write^1 R_C (f) = R_C (t). Then if s is admissible, (4) R_C (s) = χ(s)! � f ∈F(G) 1 f(s)!

R_C (f)^{f (s)}.

This measure is not a probability. However, for a given complexity k and a simple set G, the set of all admissible strings s with χ(s) = k has unit R_C -mass, due to � f R_C (f) = 1. Thus it can be viewed as a family of multinomial probability distributions, indexed by complexity.

In the default model used by dbacl, the measure R_C has a straightforward interpretation. Since tokens are lower case alphabetic substrings of s, separated

1Provided we restrict ourselves only to features of the form ft for some t, this notation essentially sets up a bijective correspondence between f_t and t, such that the measure R_C (f) is the image of R_C (t).

by non-alphabetic characters, R_C is the image, under the equivalence relation ∼, of the law of a Markov chain on the characters of a lower case string, where all non-alphabetic characters are amalgamated into a single artificial state ⋄. The complexity of s is the number of excursions from ⋄, and its initial value is ⋄.

With more general types of tokens, the measure R_C is not so easy to interpret.

5. Maximum Entropy: the simple case Let G be a simple set of regular expressions. Given a corpus C, the digramic reference measure R_C is first computed, as described in an earlier section. This measure is important, since the input corpus C may not contain all possible tokens which dbacl will be exposed to in later use. However, for a given token t, the probability R_C (t) can always be calculated. Thus by incorporating R_C , we obtain automatically a form of text smoothing (Zhai and Lafferty, 2001).

Viewing the corpus C as a single admissible string with complexity χ(C), dbacl computes the Maximum (Relative) Entropy probability P_C , with respect to R_C , subject to constraints on the mean values of interesting features. The solution P_C is thus a member of the convex set of probabilities (on admissible strings with complexity χ(C))

(5) Π_C = � Q : � f dQ ≤ a_f , f ∈ F(C)}.

Here the nonnegative real numbers a_f represent bounds on the means for the various features of C (the choice of a_f is discussed later). Provided Π_C is both nonempty and a finite Kullback-Leibler distance from R_C , the probability of interest therefore satisfies

(6) P_C = arg min_{Q∈ΠC} � log � dQ/dR_C � dQ < ∞.

In that case, it is well known (Csiszar, 1984) that the functional form of P_C is

(7) dP_C (s) = Z^{−1}_C exp � � f ∈F(C)

λ_f f(s) � dR_C (s),

where the λ_f are real numbers, and Z_C is the appropriate normalizing constant.

Moreover, it can be shown that the λ_j are all nonnegative, and in fact λ_j = 0 if and only if � fdP_C < a_f .

Substituting (4) into (7), we obtain

Z_C = χ(C)! � s adm.

χ(s)=χ(C) � f ∈F(G) 1 f(s)! � exp � λ_f 1_{{f ∈F(C)}} + log R_C (f)

�f (s)

= � � f ∈F(G) exp � λ_f 1_{{f ∈F(C)}} + log R_C (f)

�χ(C)

= � 1 − � f ∈F(C)

R_C (f) + � f ∈F(C)

e^{λf} R_C (f)

�_{χ(C)} ,

which follows, assuming G is simple, by enumerating the admissible strings via their feature counts. Inserting (7) into (6) and using the assumption P_C ∈ Π_C , we find that the parameters λ_f must be chosen to minimize

(8) −χ(C) log � 1 − � f ∈F(C)

R_C (f) + � f ∈F(C)

e^{λf} R_C (f) � + � f ∈F(C)

λ_f a_f .

This expression is convex as a function of each λ_f , and can be optimized one component at a time, but some care must be taken to cope with numerical precision errors when χ(C) is large. Differentiating (8) with respect to a single component λ_f and solving for a root gives the equation for an update λ_f → λ^′_f , z_C → z^′_C :

λ^′_f = log z_C + log a_f χ(C)

− log R_C (f), (9) z^′_C = 1 − � f ∈F(C)

R_C (f) + � f ∈F(C)

e^{λf} R_C (f).

With this particular form of update, all weights can be updated simultaneously before recomputing Z_C , which is much more expensive.

It is apparent from (7) that the solution measure P_C can be written

(10) P_C (s) = χ(s)! · � f ∈F(G) 1 f(s)!

~R_C (f)^{f (s)},

where ~R_C (f) = � � � Z^{−1}_C e^{λf} R_C (f) if f ∈ F(C) Z^{−1}_C R_C (f) otherwise.

In (10), the measure ~R_C is a probability on F(G), and the same formula can be used for strings of all complexities, resulting in a consistent σ-finite measure on all admissible strings. Furthermore, for any χ > 0, P_C is a probability measure when restricted to strings s with χ_G(s) = χ.

It remains to discuss the choice of constraints, and verify that a maximum entropy solution exists.

It is natural to impose the assumption that at least the empirical measure belongs to Π_C , or equivalently that a_f ≥ f(C). Provided R_C (f) > 0 for all f ∈ F(C), the requirement (6) follows easily, and therefore a maximum entropy solution exists.

However, the empirical measure in itself has limited predictive value, since it places all of its mass on the tokens observed in the training corpus C. To improve this deficiency, It makes sense to only consider the empirical measure as a good model of some putative Q ∈ Π_C , conditionally on observing only the tokens belonging to F(C). This constraint is actually sufficient to derive suitable constants a_f , as follows:

According to this assumption, let A = {ω : f(ω) > 0 for all f ∈ F(C)}. The empirical measure has support on A. For any feature f ∈ F(C), we therefore write � f(ω)dQ(ω) = � f(ω)dQ(ω|A) · Q(A) + 0 · Q(A^c) ≈ (f(C)/χ(C)) · Q(A).

Thus, if we take a_f = f(C), then we obtain a satisfactory set Π_C , containing both the empirical measure and a range of possibilities which take unseen tokens into account (in those cases, Q(A) < 1).

6. Maximum Entropy: the sequential case In this section, we generalize the maximum entropy problem to handle the case of n-grams. Unfortunately, for n ≥ 2, the set G is no longer simple, and working in terms of admissible strings is difficult.

Definition 4. A set of regular expressions G is called sequential if, wenever a string of the form x_1 ⋄ · · · ⋄ x_n is matched (with each x_i not containing the symbol ⋄), then all subsets of the form x_k ⋄ · · · ⋄ x_{k+j} , for 1 ≤ k ≤ n and 0 ≤ j ≤ n − k, are also matched. We write F_j (G) for the subset of F(G) which is of the form f_{a1⋄···⋄aj} .

For a fixed χ, we shall work with strings of the form s = x_1 ⋄ · · · ⋄ x_χ only. We write R_C � x_1 ⋄ · · · ⋄ x_χ � = χ� i=1 R_C (x_i), which is compatible with the earlier definition if G is simple (if we identify F_1(G)- equivalent strings we obtain the earlier definition). Consider also the sets of probability measures

Π_k = � Q : � fdQ ≤ a_f , f ∈ F(C) ∩ � ∪^k_{j=1}F_j (G) � , k = 1, 2, . . . , χ,

which are clearly decreasing (assuming the constraints a_f are consistent). By the Pythagorean theorem of Kullback-Leibler divergences, the maximum entropy solution P_{C,k} ∈ Π_k (relative to R_C ) has the recursive form

dP_{C,m}(s) = dP_C (s) = Z^{−1}_{C,m} m� k=1 exp � � f ∈F_k(G)∩F(C)

λ_f f(s) � dR_C (s),

(11)

= ~Z^{−1}_{C,m} exp � � f ∈F_m(G)∩F(C)

λ_f f(s) � dP_{C,m−1}(s),

which implies that we can calculate the weights λ_f , f ∈ F(C) ∩ F_k(G) inductively, through optimization of

(12) − log ~Z_{C,k} + � f ∈F(C)∩F_k(G)

λ_f a_f , k = 1, . . . m.

Due to the formula log Z_{C,k} = log ~Z_{C,k} + log Z_{C,k−1}, the optimal set of constants λ_f , at the k-th stage of optimization, remains the same if we replace log ~Z_{C,k} with log Z_{C,k} in (12). To compute Z_{C,k}, we note first that for any k < m ≤ χ, � b_{k+1} ,...b_m

f_{a1⋄···⋄ak ⋄bk+1 ⋄···⋄bm} (s) ≤ f_{a1⋄···⋄ak} (s) ≤ � b_{k+1},...b_m

f_{a1⋄···⋄ak ⋄bk+1⋄···⋄bm} (s) + m − k,

and the first inequality is strict only if a_1 ⋄· · ·⋄a_k occurs within the suffix x_{χ−m+1} ⋄ · · · ⋄ x_χ of the string s. In particular, we have

(13) � a_1,...,a_k

λ_{a1 ⋄···⋄ak} f_{a1⋄···⋄ak} (s) ≈ � b_1 ,...,b_m

λ_{b1 ⋄···⋄bk} f_{b1⋄···⋄bm} (s),

with an error at most max_t |λ_t| (m − k). To ease the notation, when f = f_{a1⋄···⋄am} , we write τ^j f = f_{a1⋄···⋄am−j} for j = 1, . . . , m − 1. Also, f_t ⋄ y = f_{t⋄y}. A geometrical way of understanding this approximation is given in Figure 1.

(k = 3) λ_{123} λ_{234} λ_{345} λ_{456}

(k = 2) λ_{12} λ_{23} λ_{34} λ_{45} λ_{56}

(k = 1) λ_1 λ_2 λ_3 λ_4 λ_5 λ_6

Figure 1. Approximation (13): For any string s = a_1 ⋄ · · · ⋄ a_6, arrange the weights for all 1, 2, 3-grams in an array as above. Then for each row k, the left hand side of (13) is the sum of weights on that row, while the right hand side of (13) is the sum of those weights which have a weight above them on row m = 3. The sum of the weights along each line has the form λ_{xyz} + λ_{yz} + λ_z = λ_{xyz} + λ_τ 1_{(xyz)} + λ_τ 2_{(xyz)}.

Now from (13), by summing over all strings s of the form x_1 ⋄ · · · ⋄ x_χ, we obtain for large values of χ,

Z_{C,k} = Z_{C,k−1} � s exp � � f ∈F_k (G)∩F(C)

λ_f f(s) � dP_{C,k−1}(s)

≈ � s exp � � f ∈F_k(G) � λ_f 1_{{f ∈F(C)}} + k−1� j=1 λ_τ j_f 1_{{τ} j_{f ∈F(C)}} � f(s) � R_C (s).

As a notational simplification, below we shall write λ^C_f = λ_f if f ∈ F(C), and λ^C_f = 0 otherwise.

Now for each s, the substrings x_1, . . . , x_χ are independent under R_C , and each f ∈ F_k(G) depends only on consecutive substrings x_t, . . . , x_{t+k}. Therefore, by a simple modification of the standard Sanov theorem,

lim_{χ→∞}(χ − k + 1)^{−1}log Z_{C,k} = sup_ν � F_k (G) � λ^C_f + k−1� j=1 λ^C_τ j_f � ν(df) − 1 k D � ν‖R^{⊗k}_C � � (14)

= 1 k log � � f ∈F_k(G) exp � kλ^C_f + k−1� j=1 kλ^C_τ j_f � R^{⊗k}_C (f) � ,

because the optimal ν for a problem of the form max_ν � hdν − D(ν‖μ) � is always given by dν = e^hdμ/ � e^hdμ.

While the term in square brackets still must be evaluated over all possible fea-

tures f ∈ F_k(G), a simplification is possible by noting that it equals Φ_{C,k,k}, where

(15) Φ_{C,k,l} := � f ∈F_l(G) exp � kλ^C_f + l−1� j=1 kλ^C_τ j_f � R^{⊗l}_C (f).

Since most of the constants λ^C_f are zero, we can expand this recursively, with the

boundary case Φ_{C,k,0} = 1:

Φ_{C,k,l} = � λ^C_f ≠0 exp � kλ^C_f + l−1� j=1 kλ^C_τ j_f � R^{⊗l}_C (f) + � λ^C_f =0 exp � kλ^C_f + k l−1� j=1 λ^C_τ j_f � R^{⊗l}_C (f)

= � λ^C_f ≠0 exp � kλ^C_f + l−1� j=1 kλ^C_τ j_f � R^{⊗l}_C (f)+ � y � λ^C_{τ 1 f ⋄y} =0 exp � kλ^C_τ 1_f + l−2� j=1 kλ^C_τ j_τ 1_f � R^{⊗l−1}_C (τ^1f) · R_C (y)

= � λ^C_f ≠0 exp � kλ^C_f + l−1� j=1 kλ^C_τ j_f � R^{⊗l}_C (f)+ � τ^1f ∈F_k(G) exp � kλ^C_τ 1_f + l−2� j=1 kλ^C_τ j_τ 1_f � R^{⊗l−1}_C (τ^1f) � 1 − � τ^1f ⋄y∈F_l(C)

R_C (y) �

= � f ∈F_k(C) � e^{kλf} − 1 � exp � kλ^C_τ 1_f + · · · + kλ^C_τ l−1_f � R^{⊗l}_C (f) + Φ_{C,k,l−1}.

Summarizing the calculations so far, at the k-th stage, we can solve the following

optimization problem, which is asymptotically equivalent to (12),

(16) −^{(χ−k+1)}_k log � � f ∈F_k(C) � e^{kλCf} −1 � e P j kλ^C_{τ j f} R⊗k

C (f)+Φ_{C,k,k−1} � + � f ∈F_k(C)

λ^C_f a_f .

the sums are only over features f ∈ F(C), and the number Φ_{C,k,k−1} is independent

of f ∈ F_k(G)\F_{k−1}(G), hence can be treated essentially as a constant. Following

(9), we thus solve (16) by calculating Φ_{C,k,k−1} and making updates λ_f → λ^′_f ,

z_C → z^′_C of the form

λ^′_f = 1 k log � z_C a_f χ − k + 1 � − k−1� j=1 λ^C_τ j_f − 1 k log R^{⊗k}_C (f),

z^′_C = Φ_{C,k,k−1} + � f ∈F_k (G) � e^{kλCf} − 1 � e P j kλ^C_{τ j f} R⊗k

C (f).

7. Constraints in the sequential models We now come to discussing the natural form of the constraints a_f , and the probabilistic interpretation of sequential models. In the following, we shall denote the j-gram complexity of s by

χ_j (s) = � f ∈F_k (G)

f(s).

Note that if s = x_1 ⋄ · · · ⋄ x_χ, then χ_j (s) = χ − j + 1.

7.1. Bigram model. We can build a pure word bigram^2 model by taking the set G of regular expressions as

G = {"[^[:alpha:]]([[:alpha:]]+)[^[:alpha:]]+([[:alpha:]]+)",

(17)

"^([[:alpha:]]+)[^[:alpha:]]+([[:alpha:]]+)"}.

Every time a match (s_1, s_2) is found in the corpus C, it is converted into the token t = s_1 ⋄ s_2. Let us call any alphabetic word such as s_1 or s_2 a state. Then from (11), we have for any string s with complexity χ_2(s),

(18) P_C (s) = � x,y ~R_C (x ⋄ y)^fx⋄y^{(s)},

where ~R_C (x ⋄ y) ∝ � � � e^{λx⋄y} R_C (x)R_C (y) if f_{x⋄y} ∈ F(C), R_C (x)R_C (y) otherwise, and where the product extends over all possible pairs of states, and f_{x⋄y} is the feature associated with the token x ⋄ y, which counts the number of occurrences of x ⋄ y.

Now define

(19) ν(x) = � y ~R_C (x ⋄ y), P (x, y) = ~R_C (x ⋄ y)/ν(x),

which gives � y P (x, y) = 1 for all x, and note that � x ν(x) = 1 because ~R_C is a probability measure over all possible tokens, Inserting (19) into (18), and noticing that the second product below has only χ_2(C) terms (all other exponents are zero),

2We reserve the term digram for a character pair. A bigram can be consecutive words, or more generally any two strings tagged by a regular expression.

which we can enumerate as successive pairs in the sequence x_0, x_1, . . . , x_{χ1 (C)}, we obtain

P_C (s) = � � x,y ν(x)^{fx⋄y (s)} � � x,y P (x, y)^{fx⋄y (s)}

= π(s)

χ_2 (C)�

t=0 P � x_t, x_{t+1} � .

When several sequences are possible, we choose the minimal one under lexicographic ordering. From the measure π(s), we define

π(x_0) = π � {s : s = x_0 ⋄ x_1 ⋄ · · · ⋄ x_{χ1 (C)}} � ,

and using the facts that � s P_C (s) = 1 and � y P (x, y) = 1 together, it follows that � x π(x) = 1. Thus π can now be seen as the initial distribution of a finite Markov chain X_0, . . . , X_{χ1 (C)} with law P_C ,

(20) P � X_0 = x_0, X_1 = x_1, . . . , X_{χ(C)} = x_{χ(C)} � = π(x_0)

χ_2 (C)�

t=0 P (x_t, x_{t+1}).

If we compare (20) with (18), we see that f_{x⋄y}(C) must be the empirical number of transitions {X_t = x, X_{t+1} = y} in the corpus C, and if we proceed as before in the default model, we should take a_f = f(C).

7.2. Pure n-gram models. More generally, it also makes sense to tag n-grams via a suitable set of expressions G. Since regular expressions cannot straddle newline characters, there are diminishing returns with this idea in the current dbacl implementation. However, since regular expression matching is often polynomial in the size of the string, this limitation ensures acceptable training and classification speed.

When matching n-grams, we proceed as in the bigram example, and obtain a characterization of P_C as a random field. Tokens have the form t = x_1 ⋄x_2 ⋄· · ·⋄x_n, and a string s with complexity χ_1(s) is interpreted as a configuration of χ_1(s) distinct sites. Then from (7), the measure P_C is a Gibbs random field where each site interacts with at most n − 1 others.

For a non-symmetric form similar to (19), we can also define

~R_C (x_1 ⋄ · · · ⋄ x_n) ∝ � � � exp � λ_{x1 ⋄···⋄xn}

� �_n k=1 R_C (x_k ) if f_{x1⋄···⋄xn} ∈ F(C) �_n k=1 R_C (x_k ) otherwise, ν(x_1, . . . , x_{n−1}) = � y ~R_C (x_1 ⋄ · · · ⋄ x_{n−1} ⋄ y),

P (x_1, . . . , x_{n−1}; y) = ~R_C (x_1 ⋄ · · · ⋄ x_{n−1} ⋄ y)/ν(x_1, . . . , x_{n−1}),

and then we obtain the higher order Markovian form

P_C (s) = π(x_0, . . . , x_{n−2})

χ_n(C)�

t=0 P � x_t, . . . , x_{t+n−2}; x_{t+n} � .

The measure π is a probability, as is apparent from using the relations � s P_C (s) = 1, and � y P (x_1, . . . , x_{n−1}; y) = 1. Comparing with (11), we find once again that we should take a_f = f(C).

7.3. General sequential models. For a general sequential set G, the interpetation is essentially the same. Suppose that G matches k-grams for k = 1, . . . , n. From (11), it is apparent that the Maximum Entropy model associated with G is an n-gram model based not on R_C , but rather P_{C,n−1}. The latter measure is a smoothed version of R_C , since when an unknown feature f ∈ F_n(G)\F(C) is encountered, in the former case the associated token x_1 ⋄ · · · ⋄ x_n is predicted only from the digramic reference measure R_C , while in the latter case, any recognized subset x_1 ⋄ · · · ⋄ x_k for k < n is taken into account as well.

Since the nature of the model is nevertheless an n-gram model, it makes sense to take a_f = f(C) for f ∈ F_n(G) ∩ F(C). Now the recursive interpretation of P_{C,n−1} means that it corresponds to a maximum entropy (n − 1)-gram model, which suggests we take also a_f = f(C) for f ∈ F_{n−1}(G) ∩ F(C), and so on, until we arrive at a complete specification of the constraints.

Remark. The smoothing just described doesn’t take into account all the possible k-gram subsets of x_1 ⋄ · · · ⋄ x_k, as one might expect. When the complexity χ_n(s) is suitably large, the approximation (13) is certainly good enough, and of course the large deviations take effect. For small values of χ_n(s), there is room for improvement, which can be handled by more general smoothing. A general form can be obtained with a probability measure μ_n:

f_{a1⋄···⋄ak} (s) ≈ � a_1⋄···⋄a_k ⊆t∈F_n(G)

μ_n(t)f_t(s),

where the sum is over those n-grams t which contain a_1 ⋄ · · · ⋄ a_k as a subset. This potential improvement is not implemented in dbacl due to the added complexity of calculation.

8. Text classification and mixed models The equations for text classification are obtained by inserting (10) and (11) directly into (1).

8.1. Simple case. Major simplifications occur when comparing several corpora C_1, . . . C_k whose model probabilities are based upon the same set of regular expressions G. If s is a string to be classified, then its complexity χ(s) is the same under each model, as are the feature counts {f(s) : f ∈ F(G)}. Consequently, we have

P(C_j | s) = K^{−1} exp � t f_t(s) log ~R_{Cj} (t) � , K = k� j=1 exp � t f_t(s) log ~R_{Cj} (t) � . These equations are used by dbacl whenever the competing categories are based on the same set of regular expressions. This does not apply if the models are based on functionally equivalent expressions whose string representations are different. Evaluation of the sums for each category can be done simultaneously as the data is read, obtaining an O(n) classification in the number n of lines. As each line is processed with one or more regular expressions, the cost involved is also polynomial in the average length of each line of s. Also, the memory cost for (fast) classification is clearly O � χ(C_1) + · · · + χ(C_k ) � in this case.

The computations are more involved when the training corpora C_1, . . . C_k depend on different sets of regular expressions G_1, . . . , G_k say. The feature counts {f(s) : f ∈ G_k} must be taken into account for each k separately, and the complexity of s varies, and must therefore be written χ_j (s). Using Stirling’s formula n! ∼ √ 2πn · n^ne^{−n}, we have from (10) the approximation

P(C_j | s) ∼ exp � � f ∈F(G_j )

f(s) log ~R_{Cj} (f) + 1 2 log � 2πχ_j (s) � + χ_j (s) log χ_j (s)

− � f ∈F(G_j ) f (s)>0 � 1 2 log � 2πf(s) � + f(s) log f(s) � � ,

= exp � −χ_j (s)D(ℓ_j (s)‖ ~R_{Cj} ) + 1 2 log � 2πχ_j (s)] − � f ∈F(G_j ) f (s)>0 1 2 log � 2πf(s) � ,

where ℓ_j (s)(f) = f(s)/χ_j (s) is the empirical feature distribution of s (i.e. a measure on F(G)), and D(·‖·) is the Kullback-Leibler distance on F(G). This shows that the exponent is essentially proportional to the complexity of s as χ_j (s) gets large. Unfortunately, even if we drop the last two correction factors in the limit, calculating D(ℓ_j (s)‖ ~R_{Cj} ) still requires the storage in memory of all the final counts f(s). Thus we see that for mixed multinomial models, calculating P(C_j | s) is unavoidably O � χ(s) + χ(C_1) + · · · + χ(C_k ) � in memory storage.

The special case when a single category C = C_1 is provided needs a different approach. From the above computations, the probability of generating a string s from the probability P_C is exponentially small, with exponent χ(s). We assume that the features of s are stationary with marginal distribution P (a probability on F(G)), and if we take the limit we obtain lim χ(s)→∞

χ(s)^{−1} log P_C (s) = −D(P‖ ~R_C ).

If the logarithm is taken to the base 2, then the resulting cross entropy , defined as −χ(s)^{−1} log_2 P_C (s) and measured in bits, has the following alternative intepretation: if we compress the admissible string s with an arithmetic coder, and using the model P_C , then the cross entropy gives the number of bits needed on average for each encoded feature. This quantity can be used when choosing the best (most parsimonious) model according to the Minimum Description Length Principle.

8.2. Sequential case. Due to the absence of factorial terms, the case when G is sequential is less cumbersome. From (11) and the Large Deviation approximation (Sanov), if m is the highest n-gram order in the model, then

P(C_j | s) ≈ K^{−1} exp � � f ∈F(C_j )

λ_tf(s) + � f ∈F_1(G)

log R_{Cj} (f) − χ_m(s) log Ẑ_{Cj ,m} � ,

K = k� j=1 exp � � f ∈F(C_j )

λ_tf(s) + � f ∈F_1(G)

log R_{Cj} (f) − χ_m(s) log Ẑ_{Cj ,m} � , where Ẑ_{Cj ,m} was calculated as part of the entropy maximization (14), (15) as

log Ẑ_{Cj ,m}(s) = 1 m log � � f ∈F_m(C_j ) � e^{mλf +Pj mλτ j f} − 1 � R^{⊗m}_{Cj} (f) + Φ_{Cj ,m,m−1} � .

However, when the competing categories are based on different sets of regular expressions, care must be taken to count each matched feature the correct number of times. This can be somewhat tricky with a single pass in case of complicated overlapping tokens, so dbacl makes several passes over each line of the string s, one for each regular expression in G. This method takes advantage of the fact that regular expressions do not straddle newlines, since one full line is kept in memory for regular expression matching anyway.

Every simple model also has a sequential interpretation, given by (10), when all factorial coefficients are omitted. Probabilistically, the simple model describes equivalence classes of strings, while the corresponding sequential model describes all actual permutations. Bayes’ formula (1) cannot be directly applied with mixed string interpretations, so when comparing sequential and multinomial types of models, dbacl converts them all to sequential form.

For simple models, if the option -M is selected, dbacl will perform the full multinomial score calculation, e.g. for purposes of comparison with other software. Note that the cross entropy reported in the multinomial case is always lower than in the sequential case, since feature ordering, while irrelevant in both interpretations, is only ignored in the multinomial case. There is no difference in the classification results for sequential or multinomial unigram models, since the extra terms only depend on the empirical measure of the document being classified.

In the case of a single (sequential) category, the cross entropy is calculated in the usual way, namely −χ_m(s)^{−1} log P_{C,m}(s). Under suitable stationarity assumptions, the Shannon-McMillan-Breiman theorem guarantees that this quantity converges as χ_m(s) tends to infinity.

Remark. The user is responsible for making sure that G is in fact sequential, dbacl makes no attempt to verify consistency. The basic 1-grams are taken only from those regular expressions which tag exactly one susbstring, and each 1-gram is counted as many times as some regular expression in F_1(G) matches it.

9. Logarithmic scores In this section, we further describe the factorizations of the logarithmic scores into meaningul information-theoretic quantities.

9.1. Simple case. As shown in Section 8, the log probability of belonging to the class C_j is approximately proportional to the complexity χ_j (s), via

(21) − log P(C_j |s) ≈ χ_j (s) · D(ℓ_j (s)‖ ~R_{Cj} ).

The Kullback-Leibler divergence measures the difference between the class model ~R_{Cj} and the empirical measure ℓ_j (s) of the document. Note that both these measures are measures on F(G), and that is the set where the divergence is computed.

9.2. Sequential case. For the sequential case, a similar factorization is possible. Again, we must work on F(G), but since the approximations depend on m (the highest n-gram order), it is natural to work only on the subset F_m(G). As in (10), define

(22) ~R_C (f) = � � � Z^{−1}_{C,m} exp � λ_f +

�_{m−1} j=1 λ_τ j_f � · R^{⊗m}_C (f) if f ∈ F_m(C) Z^{−1}_{C,m}R^{⊗m}_C (f) if f ∈ F_m(G)\F_m(C),

where Z_{C,m} was computed in (14). Let ℓ(s)(f) = f(s)/χ_m(s), and write H(μ) = − � f μ(f) log μ(f) to represent the Shannon entropy of the measure μ on F_m(G).

In terms of these quantities, we have

(23) − log P(C|s) ≈ χ_m(s) · � D(ℓ(s)‖ ~R_C ) + H(ℓ(s)) � , which can be verified by expanding the quantities on the left and comparing with the formula in Section 8. The extra Shannon entropy arises here because sequential model probabilities are defined on actual strings s, whereas in the simple case, the probabilities are defined on the equivalence classes of strings (i.e. types, Csiszar, 1998).

Given the score, the divergence can therefore be obtained by subtracting the Shannon entropy. Computationally, this requires keeping in memory all the relevant feature counts f(s), as for simple models. A convenient way of calculating H(ℓ_j (s)) for several categories simultaneously, is using Stirling’s approximation n log n ≈ n − log √ 2πn + log n!, and expanding into a telescoping sum:

H(ℓ(s)) ≈ 1 χ(s) � � {f :f (s)>0} � 1 − 1 2 log(2π) � + f (s)�

k=2 � 1 + 1 2 log k(k + 1) � − log χ(s).

This has the advantage over the exact computation that the computed divergence is overestimated, reducing the incidence of sometimes negative values.

9.3. Divergence asymptotics. Let φ(x) = 1 − x + x log x, then expanding this function into a Taylor series about x = 1, we have

(24) D(ℓ(s)‖P_C ) = � φ � dℓ(s) dP_C � dP_C ≈ 1 2 � f � f(s) χ(s)P_C (f) − 1 �_2

P_c(f).

Standard asymptotic results suggest that χ(s) · D(ℓ(s)‖P_C ) has an approximate χ^2 distribution, when χ(s) is big enough, but in fact, the analysis is more delicate, because the number of features f considered is unbounded as χ(s) tends to infinity. While such an analysis is beyond the scope of this paper, practical experiments nevertheless suggest that D(ℓ(s)‖P_C ) has the more general Gamma distribution, Γ(a_C , b_C ). Making this assumption allows the computation of confidence estimates in the null hypothesis that the law of ℓ(s) is P_C . More precisely, let F_C (x) = P(Γ(a_C , b_C ) > x) be the tail probability, then the variable p(s) defined by

(25) p(s) = 2 · � F_C � D(ℓ(s)‖P_C ) � ∧ � 1 − F_C � D(ℓ(s)‖P_C ) �

is uniformly distributed on [0, 1], and satisfies p(s) → 0 if and only if D(ℓ(s)‖P_C ) → {0, +∞}. Thus it can be viewed as a p-value for the purpose of Fisher’s χ^2 test.

References

[1] Berger, A., Della Pietra, S.A., and Della Pietra, V.J. (1996) A maximum entropy approach to natural language processing. Computational Linguistics 22(1): 39–71.

[2] Csiszar, I. (1984) Sanov property, generalized I-projection and a conditional limit theorem.

Ann. Probab. 12(3): 768–793.

[3] Csiszar, I. (1998) The Method of Types. IEEE Trans. Inform. Theory. 44(6): 2505–2523. [4] Della Pietra, S.A., Della Pietra, V.J., and Lafferty, J. (1997) Inducing features of random fields. IEEE Trans. Pattern Analysis and Machine Intelligence 19(4): 380–393.

[5] MacKay, D. and Peto, L. (1995) A Hierarchical Dirichlet Language Model. Natural Language Engineering 1(3): 289–307.

[6] Shannon, C.E. (1948) A mathematical theory of communication The Bell System Technical Journal 27: 379–423.

[7] Zhai, C. and Lafferty, J. (2001) A study of smoothing methods for language models applied to ad hoc information retrieval. SIGIR’01.

E-mail address: laird@lbreyer.com

24 L.A. BREYER

THE DBACL TEXT CLASSIFIER 25

26 L.A. BREYER

THE DBACL TEXT CLASSIFIER 27

28 L.A. BREYER

THE DBACL TEXT CLASSIFIER 29

30 L.A. BREYER